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Abstract In this paper, we study the Hessian equation with infinite Dirichlet (blow- 
up) boundary value conditions. Using radial functions and techniques of ordinary 
differential inequality, we construct various barrier functions (super-solution and sub- 
solution). Existence and non-existence theorems are proved by those barriers, maxi- 
mum principle and theory of viscous solutions. Furthermore, generic boundary blow- 
up rates for the solutions are derived. 
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1. Introduction 

Let n and 1 < k < n be positive integers. Recall that the fc-th elementary sym- 
metric function for A £ M. n is defined by 

•Sfc(A) = <Sfc(Ai, A n ) = Ajj Aj 2 ...Aj fc 

l<il<i2<...<ifc<n 

and the k-th elementary symmetric function over the space M s (R n ) of all the n x n 
real symmetric matrices is given by 

S k (A) = S k (\ 1 ,...,X n ), V A G M s (R n ), 

where (Ai, A n ) are the eigenvalues of the matrix A. 

Let n be a domain in R n and tp a positive function defined on Q x R x ]R n . In this 
paper, we deal with the Hessian equation 

(1.1) S k {D 2 u) = 4){x,u,Du) in Q 
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with the singular boundary value condition 

(1.2) u(x) = +00 on dtt. 

Here D 2 u = (uij) nxn is the Hessian matrix of u and (1.2) means that u{x) — > +00 as 
d(x) = d(x, dfl) — > 0, where d(x, c?fi) denotes the distance of point from Oft. 

Obvious examples of Hessian in (1.1) are Laplace operator, k = 1, and the Monge- 
Ampere operator, k = n. General Hessian operators were studied by many authors. 
See, for example, [2, 5, 6, 16, 18] for Hessian in Q, and [1, 8, 9, 10] for Hessian on the 
sphere. 

A natural class of functions for the solutions to (1.1)-(1.2) is k-convex functions. Re- 
call that a function u G C 2 (f2) is called k-convex (or strictly k-convex) if (Ai, A„) G 
Tfc(or(Ai, A n ) <G Tfc) for every x G ft, where Ai, A n are the eigenvalue of D 2 u(x) 
and Tfc is the connected component {A G t" : S'fc(A) > 0} containing the positive cone 

T+ = {A = (Ai, A n ) G R n : A, > 0, i = 1, 2, n}. 

It follows from [1] that 

(1.3) r+ = r n c ... c r fc+1 c r k c ... c r x 

and Sk{D 2 u) turns to be elliptic in the class of k-convex functions. 

The problem (1.1)-(1.2) was studied in [11, 14] for k = 1, Laplace operator, and in 
[3, 4, 12, 13] for k = n, Monge- Ampere operator, and ip = ip(x, u) independent of Du. 
The results of Matero [13] were extended by Salani [15] to some Hessian equation; 
while the results of Cheng and Yau [3, 4] were generalized recently by Guan and 
Jian [7], in which various existence and non-existence results were shown for rather 
general ip = ip(x, u, Du) and the optimal growth condition of ip(x, z, p) was given for 
the existence of (1.1)-(1.2) in the case k = n. The aim of this paper is to extend the 
main results of [7] to the case k G {1,2, ...,n — 1}. The difficulty here arises when 
one tries to construct barriers which is necessary for the existence or non-existence of 
problem (1.1)-(1.2). The methods and results of this paper are different from those 
of [15]. 

From now on,we assume 

(1.4) fc€{l,2,...,n-l}. 
Our main results are stated as follows. 
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Theorem 1.1. Let Q be a bounded domain in M. n . If there are constants M, 7, q > 
0, 7 + q < k, such that 

(1.5) < ij){x, z, p) < M (1 + {z + ) q )(l + |p[ 7 ), V (x, z, p) G fi x R x R n , 
where z + = max{z, 0}, £/ien i/iere exists no k-convex solution to (1.1)-(1.2) in C 2 (Q). 

Theorem 1.2. If there are constants a > 1 and M > sitc/i i/mi 

(1.6) #c,2,p) > M(l + |p| fc ) a , V(i,z,p)e!lxIxR", 

and Q is a domain containing some ball of radius a where 

(fc + l)(n-l)! 1 
L M(a- l)ife!(n-fc - 1)! J ' 

i/ien i/iere exists no k-convex solution to (1.1)- (1.2) in C 2 (Q). 

We will deal with the existence of problem (1.1)-(1.2) in viscosity sense. For the 
details of viscosity solutions to Hessian equations like (1.1), as for the notion of k- 
convexity in viscosity sense, we refer to [18]. 

Theorem 1.3. Let Q, be a bounded strictly convex domain in R n and if) G C°°(Q, x 
R x M. n ) satisfy 

(1.7) tp(x,z,p) > 0, i/j z (x,z,p) > 0, V(s,z,p)eOxExr. 

Suppose that there exist q > k and M > such that for all (x,z,p) G fl x R x R n , 

(1.8) Y>(z,2,p) > M(z+) 9 
and 

(1.9) ^(z,z,p) <0(2)(l + |p| fe ), 

where <p G C 1 (R n ) is a positive nondecreasing function satisfying 

(1.10) supe" £2 0(z) < +00 

z<0 

/or some e > 0, and for each fixed (x, z) G Q, x R, 

1 l-D f , i/'^)l 

(1.11) ibk(x,z, p) is convex in p, inf ib > 0, sup — - — : — — < +00. 

PG«" PGR" 1 + |P| 

Then there exists a k-convex viscosity solution u G C^(0.) to (1.1)-(1.2). Moreover, 
there exist functions h, h G C(R + ) with h(r), h(r) — > +00 as r — > 0, suc/i £/iat 

(1.12) £(^0*0) < < h(d(x)),Vx G fi. 
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Remark 1.4. One can see easily that there is a large kind of functions satisfying 
(1.7)-(1.11). For example, 

n 

1>(x, z, p) = (a(x) + 6(x)e")(l + J>f )^ 

i=l 

or 

n 

V>(x,z,p) = {a(x) + b(x)r)(z)){l + J2p 2 i k )^ 

i=i 

where a, 6 are positive smooth functions on 17, r is a positive constant, and r/ is a 
nonnegative strictly increasing smooth function satisfying t/(z) > \z\ q for all z > 1 
and for some constant q > k. 

Remark 1.5. It seems possible to get better regularity than C ' 1 for the solution 
obtained in theorem 1.3. One helpful approach is to use the methods on gradient 
estimates in [5]. 

2. A COMPARISON PRINCIPLE AND UNIQUENESS 

This section is similar to section 2 in [7]. For the sake of convenience, we will give 
the details here. 

Suppose that u, v G C 2 (VL) are fc-convex satisfying 

(2.1) S k {D 2 u) > i/>(x, u, Du) and S k (D 2 v) < <f>(x, v, Dv) in SI, 
where <f>,ip G C 1 ^ x E x E n ), such that 

(2.2) i/>(x,z,p)><f>(x,z,p), V(i,z,p)e(!lxlxr). 

We will see if u < v in ft. Let M^(R n ) be the subset of M s (R n ) , with the eigenvalues 

Ai, A n satisfying (Ai, A„) G T^. Recall that 
i 

(2.3) ( * { } )nxn > (or > 0), V w G M*(R n ) (or M*(R n )) 

OWij 

(See [2, 18]). Hence for any w b w 2 G M s fe (E n ) (or M s fe (E")), 

(2.4) S fc (wi) > 5 fe (w 2 ) (or 5 fc (wi) > 5 fc (w 2 )) 
if wi — w 2 is positive definite (or semi-definite). 

Lemma 2.1. Suppose that Q C R n is a bounded domain, and u, v G C(£l) satisfy u < 
v on dQ. If either ij) z (x, z, p) > or (p z (x, z, p) > for any (x, z, p) G (fi x E x E n ), 
i/jen u < v in fl. 
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Proof. Suppose the contrary that for some y G ft, 

u(y) — v(y) = max(u — v) > 0. 

Then Sk{D 2 v(y)) > S}~(D 2 u(y)), as the Hessian D 2 (v — u) is positive semi-definite at y 
and u, v are /c-convex. On the other hand ,we use (2.1)-(2.4) and the facts u(y) > v(y) 
and Du(y) = Dv(y) to obtain 

S k (D 2 v(y)) < cf>(y,v(y),Dv(y)) < ^(y,u(y), Du{y)) < S k (D 2 u(y)). 

This is a contradiction. □ 

Remark 2.2. The assumption we have used is ^ z (y, u(y), Du{y)) > (or (j) z (y, u(y), Du(y)) > 
0) at the point y instead of ip z (x,z,p) > (or (f) z (x,z,p) > ) for all (x,z,p) G 
(Q x R x M n ). 

Theorem 2.3. Assume u = +oo,v = +oo on dCl, u is k-convex and v is strictly 
k-convex in il, satisfying (2.1) and (2.2). Suppose the domain VL is bounded and 
star-shaped with respect to a point xo and ip satisfies 

(2.5) x ■ D x ip(x, z, p) < and p • D p ip(x, z, p) > 0, V (x, z, p) G ft x R x M n . 
//, in addition, either there is a q > k such that 

(2.6) ip(x,nz + ,p) > n q ip(x,z,p), V^>l,V(i,z,p)G(fixExlR n ) 
or there is a e > such that 

(2.7) ^(x,z,p) > ei/>(x,z,p), V (x, z,p) G (O x 1 x R n ), 

t/ien u < v in Q. Particularly, problem (1.1)-(1.2) has at most one strictly k-convex 
solution in C 2 (Q). 

Proof. Without loss of generality we may assume xo = 0. For A G (0, 1), let 

u\(x) = X a u(Xx) — a, x G Q\ 

where Q\ = {x G R n : Ax G ft} and 

a = 0, a = ^r, if (2.6) holds, 

a = -2jz In A, a = 0, if (2.7) holds. 
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Using (2.1) and (2.5), we have 

S k (D 2 u x (x)) = X k ^S k (D 2 u(Xx)) 

> A fc(2+Q V(Ax,u(Ax), J Du(Ax)) 

= X k(2+a ^(Xx, X~ a {u x (x) + a), \- (1+a) Du x {x)) 

(2.8) =\H2+a) f 1 d t ^(x + t{Xx-x),X~ a (u x (x) + a), 

Jo 

Dux(x) + t(X~ {1+a) Du x (x) - Du x {x)))dt 
+ X k ^ 2+a ^(x, X~ a (u x {x) + a),Du x (x)) 

> X k{2+a ^{x, X~ a {u x (x) + a),Du x (x)) . 

Note that (2.6) implies < where z < and tp = at z = 0. We conclude that 

(2.9) S k (D 2 u x (x)) > i>(x,u x {x),Du x (x)),Vx G ft. 

In fact, if (2.6) holds, then a = and a = Hence, we use (2.8) and (2.6) to 

obtain 

S k (D 2 u x (x)) > X k ^- a ^(x,u x (x),Du x (x)) = ^(x,u x (x),Du x (x)). 
Note that (2.7) implies 

*l>(x, z 1:P )> e £(zi ~ Z2) i;(x, Z2,p), Vzi, z 2 G fl. 
So, if (2.7) holds, then a = — ^ and a = 0. Hence, we use (2.8) to obtain 

S k (D 2 u x (x)) > X 2k e £a ^(x,u x (x),Du x (x)) = ^(x, u x (x), Du x {x)) . 
Therefore, (2.9) holds in any case. We claim that 

(2.10) v>u x on ft for all A G (0, 1). 

Suppose the contrary that u x (xq) > v(xo) for some xo G ft. Since ft C ft a and 
v — u x = +oo on dft, we have a y G ft, such that 

«a(?/) - w (y) = max(n A - v) > 0. 

Hence, by(2.5),(2.2),(2.1) and the strict A;-convexity of v, 

i>{y,u x {y),Du x (y)) > ip(y, v(y), Du x (y)) 

= il>(v,v(y),Dv(y)) 

> <Kv,v(y),Dv(y)) 

> S k (D 2 v) 

> 
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which, together with (2.6) or (2.7), implies ip z (y,u\(y), Du\(y)) > 0. (Note that if 
(2.6) holds, then (2.2) implies ip < where z < 0. So v(y) > and u\{y) > then 
(2.6) implies ip z (y,u\(y), Du\(y)) > 0). Consequently, we obtain a contradiction as 
in the proof of Lemma 2.1( See Remark 2.2). This proves (2.10). Letting A — ► 1~ in 
(2.10), we obtain the desired result. □ 



3. Barriers and non-existence 

In this section, we construct some barriers that will be used in the proof of our 
main results. In particular, we will prove theorems 1.1 and 1.2. 

Let u(x) = u(\x\) be a radially symmetric function. A straightforward calculation 
gives 

(3.1) S k (D 2 (u)) = A k r l ~ n [r n - k (u'ft r = \x\, 
where A k = k ^~} k y (See[15; p. 285]). Hence equation (1.1) is written as 

(3.2) A fc [(r£-V) fc ]' = r""V(x, u, ^-). 

Lemma 3.1. Let 77 G C^R) satisfy r](z) > 0, rf(z) > for all z G R. Then, for 
any a > 0, there exists a strictly convex radially symmetric function v G C 2 (B a (0)) 
satisfying 



(3.3) 



S k (D 2 v) > e v r](v)(l + \Dv\ k ) in B a (0), 
v (0) < 0, v = +oo on &B a (0). 



Proof. Consider the initial value problem 

U = [exp{A- 1 r k e^))-l]l, r>0 
1^(0) = 0. 

Let [0, T) be the maximal interval on which the solution to (3.4) exists. We conclude 
that T is finite. In fact, it follows from (3.4) and rf > that 

ip'(r) > r[A A T 1 e^r/(^)]i > r^ 1 e^ r] '^(O)]* , < r < T. 

Since </?(0) = 0, we have 

k>k(l- e^ 1 ) = r\'(r)e=^dr > A* f rdr = \A \f 
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for any p £ (0, T). This proves T < oo. Furthermore, we see that tp € C 2 [0, T) and 
<p(T) = +00 as <p'(p) > for p > 0. It follows from (3.4) that 

ln(l + (^) fc )=V^M, 

whose differentiation yields 

(3-5) > kA- k \*-^). 

This, particularly, implies <p" > in (0,T). 
For given a > 0, define t> by 

V (x)=^(^)-2fc(-ln-) + , x€B a (0). 

a ' a' 

Then v G C 2 (-B a (0)), u(0) < 0, v = +00 on dB a (0), and it is strictly convex, since 
if € C 2 [0,T) and ip" > 0. Using (3.1) and (3.5), we compute for x £ B a (0) that 

s k (DM*)) = (?) 2 ^(f N) 1 ""[ fc (l ; l-I)^ fe (^(?l-I)) A; "V(|N) 

+ (n-fe)(^|,|)^ 1 (/(^N)) fc ] 



> (^M?^^ |x|)) [1 + (^'(-N)) fc ] 
v a a a 

> ^)2fc e ^)+2 fc (-l„^) + , + 2jfe / _ ^ ^ + r£y k k , 

a a a 

> e v{x) r](v(x))(l + \Dv(x)\ k ). 

□ 

Notation 3.2. Given a and r/, we will use v a, ' n (x) = f a,r? (|x|) to denote the function 
v € C 2 (B a (0)) obtained as in Lemma 3.1. 

Lemma 3.3. Let fi be a domain contained in a ball B a (xo) and u € C 2 (Q) a k-convex 
solution of (1.1)- (1.2). If there exists a function n G C^R), rj > and rj' > in 1R ; 
such that 

ip(x, z, p) < e z r](z)(l + |p| fc ), V(i,z,p)eOxRx R n , 
then u{x) > v a,r, (x — xq) for all x G ft. 

Proof. Without loss of generality, we assume xq = 0. For any r > a, since u — v r,ri = 
+00 on d$l, by Lemma 2.1 and Lemma 3.1, we have u > v 7 "^ in f2. Letting r — > a + , 
we obtain u > v a,,? . □ 
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Next for q > k, consider the function 

(3.6) w(x) = (1 — \x\ ) k -i = (1 — r ) k -i = w(r), r = \x\. 
Observing that w ' > and w" > 0, by (3.1) we have for any r € [0, 1) that 

S k (D 2 w(x)) = A k [(n - k)r- k (w') k + kr^iw'f^w"] 

< C\(n, k,q)[(l - r 2 )& + (1 - r 2)(^)(*"i)(i _ r 2 )^ 1 ] 
= C 2 (n, k,q){\ - r 2 )^*" 1 ^ - r 2 ) + 1] 

/ fc+l \ 

< 2C 2 (n,k,q)(l - r 2 ) ( —« )q 
= 2C 2 (n,k,q)w q (x). 

Hence, we have a positive constant B = B(n, k, q) such that 

(3.7) S k (D 2 w) < Bw q in £i(0). 
By rescaling, we define 

(3.8) w a > M (x) = \w(-), xeB a (0), \=(JL-)T*. 

Lemma 3.4. For any a,M > and q > k, w a ' M G C°°(B a (0)), w a ' M = +oo on 
dB a (0) and 

S k {D 2 w a > M ) < M(w a > M ) q in B a (0). 
Proof. By a direct calculation, (3.7) and (3.8), we have 

S k (D 2 W ^{x)) = ^-MDM^)) < ^-w q Q = M(w a ' M (x)) q in B a (x). 

□ 

Lemma 3.5. Let u E C 2 (f2) be a k-convex solution of (1.1). If Q contains a ball 
B a (xo) and if) satisfies (1.8) for some q > k and M > 0, then u(x) < w a,M (x — xq) 
in B a (x ). 

Proof. It is immediate from Lemmas 3.4 and 2.1. □ 

Note that for any domain Q and any x € Q, the ball B d ^{x) C 12, where d(x) is 
the distance function to d£l. Then Lemma 3.5 implies 

Corollary 3.6. Let u € C 2 (VL) be a k -convex solution of (1.1). If ip satisfies (1.8) 
for some q > k and M > 0, then 

u{x) < h(d(x)), VieSl 
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where h G C°°(M + ) is given by 

(3.9) h(r) = w r ' M (0), r>0. 

Lemma 3.7. Assume 7, q > 0, ^ + q < k and M > 0. Then there exists a strictly 
convex radially symmetric positive function u G C°°(IR n ) satisfying 

(3.10) S k (D 2 u{x)) >M(l + (u(x)) q )(l + \Du{x)\^), Vi£R n 

Proof. We want only to combine the following three conclusions. First, for any p', q' > 
0,p' + q' < n, and M' > 0, by Lemma 3.7 in [7], one has a strictly convex radially 
symmetric positive function u G C°°(M n ) satisfying 

(3.11) S n (D 2 u(x))>M'(l + {u(x)f)(l + \Du(x)\ q '), V x G R n . 
Second, for each k G {1,2, ...,n — 1} and A G it follow from [10] or [18] that 

- { S k+1 {\) < [ S k {\)\ . 

Hence, there is a positive constant C\ = C(n, k) such that 

(3.12) c 1 sl(\)<s k (\), V A G r n . 

Finally, we can choose a positive constant C2 = C(n,k) such that 

(3.13) (1 +t)n > C 2 (l +t«), Vt>0. 

Combing this with (3.11) and (3.12), we obtain (3.10). □ 

Proof of Theorem 1.1. Let n G C 2 (Q) be a fc-convex solution of (1.1)-(1.2). We will 
induce a contradiction. 

Let u be the same function as in Lemma 3.7, where 7,5 and M are as in (1.5). 
Observing that u — Cu = +00 on dQ. for any C > 0, we can choose C > 1 and a y G 
such that 

u(y) — Cu{y) = min(u — Cu) < 0. 

Hence Du{y) = CDu(y) and (D 2 u(y) — CD 2 u{y)) is a positive semi-definite matrix. 
However, it follows from (1.1) and (1.5) that 

S k (D 2 u{y)) < M(l + (u+(y))«) (l + 

<M(l + (Cfi(y))«)(l + C|D«( 1 /)|T) 

<C k M{l + {u{y)r)(l + \Du{y)\i) 

< C k S k {D 2 u(y)) 

= S k (CD 2 u(y)), 
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a contradiction. □ 

In order to prove Theorem 1.2, we need the following 

Lemma 3.8. For any a > 1 and a > 0, there exists a strictly convex radially sym- 
metric function u G C 2 (-B a (0)) satisfying 

s ^ * .^ a (t -y t .(n-*-i)i (i + iDf,iT ™ b - (o) 

and 

— = +oo on 95 a (0), 
where v is the unit normal to dB a (0). 

Proof. Let ft = and 

' loi ^T^ M re (0,1), 
0, r = 0. 

It is easy to verify that 

(3.14) v?€C 2 [0,l), p(0) = y>'(0) = 0; 1 + r(^'(r)) fc = (1 - r fc+1 ) -/J , V < r < 1. 
and 

fo/(r))* + faV(r)) fc - V(r) = "V^ 1 + r(^'(r)) fc ) Q 

(3.15) a — l 

= (ife + l)^r fc (l-r fc+1 )-' J - 1 , Vr€(0,l). 

We claim that 

(3.16) v?' > and 92" > in [0, 1). 
In fact, a direct differentiation yields 



<f(r) 



¥ /(r) = p ^ ]*, Vr€(0,l). 



Then 



(3.17) lim 99' (r) = 0, lim (p'(r) = +00, ^ > in [0, 1) 

and 

</(0) = lim ^ ^ L (letting t = r k+1 ) 

= Km [C-O-'-iji 

= /?* >0. 
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For r G (0, 1), it follows from (3.15) that tp"{r) has the same sign as gi(r k+1 ) where 

gi (t) = P(k + l)t(l - t)- - 1 - (1 - I)'? + 1, V f G (0, 1). 

Let 1 — t = s. We see that gi(t) = ^(s) where 

92(a) = f3(k + 1)(1 - s)s^- 1 -8-P + l, V s G (0, 1). 

Furthermore, 52(5) has the same sign as g%(s) where 

g 3 (s) = (3(k + 1) - (3(k + l)a - s + V s G (0, 1). 

Since 53(5) < for s G (0, 1) and 53(1) = 0, we see that #3(5) > for all s G (0, 1). 
Therefore, we obtain (3.16). 

Now, let u(x) = a(p(a~ 1 \x\), x G B a (0). Then u G C 2 (B a (0)) and is strictly convex 
by (3.16), satisfying ff = +00 on dB a (0) by (3.17). Moreover by (3.1), (3.15) and 
(3.16), we have 

Sk(D 2 u(x)) = §(^)" fc [(n - fc)(^(M))* + fcM(^(M)) fc - V'(M)] 

U LL LL (jj (jj tli 

^ (n — fc)(fc + l)-Afc ^ |x| / // \ X \ Ujltt 

a fc (a — 1) L a a J 
£ (n-g (fe + l)^ 
a re (a — 1) 

a ft (a: — l)fc!(n — A; - 1)! L J 

□ 



Proof of Theorem 1.2. We may assume £1 D -B a (0). Suppose the contrary that there 
was a fc-convex solution u G C 2 (r2) to (1.1)-(1.2). We will derive a contradiction. Let 
a, a and M be the same as in Theorem 1.2. Choose a function u as in Lemma 3.8. 
Then we have 

(3.18) S k {D 2 u{x)) < M(l + |£>u(*)lT in B a (0), 

and 

d 

— iu-u) = +00 on dB a (0). 
ov 

It follows from the last equation that 

u(y) — u(y) = min (u — u) 

B a (0) 

for some y G B a (0). Using (1.1), (1.6) and (3.18), and repeating the same arguments 
as in the proof of Theorem 1.1, we obtain a contradiction immediately. □ 
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(4.1) 



4. Proof of theorem 1.3 

We divide the proof into two steps. 

Proof. Step 1. Assume Q is a bounded strictly convex smooth domain. We will find 
a solution of (1.1)-(1.2) as required as in Theorem 1.3 by the limit of solutions, u m , 
of the following Dirichlet problem 

J Sk(D 2 u) = ip(x, u, Du) in Vi 
I u = m on dQ 

where m = 1,2,3,... . By assumption (1.10), we may find a positive nondecreasing 
function rj G C°°(R n ) such that 

(4.2) max^(y) < e £Z r](z), V z G R. 

y<z 

Without loss of generality, we assume e = 1 as this may be achieved by rescaling. 
Since Q is bounded, we may choose a > such that Q C B a (0) and v" 1 ' 11 < 1 on dQ 
(See (3.3) and Notation 3.2). Using (4.2), (1.9), (1.10) and applying (1.7) and Lemma 
2.1, we obtain that for any /c-convex solution u m G C 2 (0) to (4.1), 

(4.3) v a ' v < u m (x) < m, Vxefi, V m > 1. 
Let 

= max{m,sup \v a ' v \}, Vm>l. 

f2 

In order to show the existence of (4.1), we want to use results of Lions [12] as well 
as of Guan [6]. First, by a result of [12], there exists, for each m and any constant 
C m > 0, a strictly convex function u m G C 2 (Q) satisfying 

jdet(D 2 u m ) > C m (l + \Du m \ n ) in ft 

on dVl. 



(4.4) 



i 



(4.5) 



Using this, (3.12) and (3.13), and choosing a suitable C m , we see that 
\s k (D 2 u m )>d>(C Q m )(l + \Du m \ k ) inQ 

\ 1km = m on ^> 

which means that subsolution of (4.1) for each m, since <j) is nondecreasing 

and m > u m in fl. This fact, together with (1.7), (1.9), (1.11), Theorem 1.2 of Guan 
[6], implies that problem (4.1) has a unique ^-convex solution u m G C°°(0) for each 
m. Moreover, we have 

(4.6) u m (x) < u m+ i(x), ViSfi, Vm>l 
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by Lemma 2.1. We claim that there exists a > depending only on and an 
decreasing sequence a m — > a(m — > oo) such that 

(4.7) w^'^a - d(x)) < u m (x) < ^(d(x)), Vx€fi, Vm>l. 

In fact, the second inequality in (4.7) follows directly from Corollary (3.6). To show 
the first one, we use the strict convexity of to find the smallest positive number a, 
such that for any x G dQ, there is a ball B a (xo) D satisfying Q n dB a (xo) = {x}. 
Choose a\ > a>2 > ... > a m > a m+ \ > ... , a m — > a(m — > oo), such that w am ' ,? (a) = m 
for each m > 1. For any i/ £ fi, choose y G 30 and a ball S a (xo) such that d(y) = 
|y - y\, O C 5 a (ar ), n dB a (x ) = {y}. Observing that 

- x ) < v am ^{a) =m< u m (x), V x G 90, 

we use Lemma 2.1 to obtain 

v am ' 11 {x - x ) < u m (x), VxGfJ. 

In particular, 

- %)) = - x ) < u m {y). 

This proves the first inequality in (4.7), since y € fi is arbitrary. 
Now by (4.6) and (4.7), we see that for each the limit 

u(x) = lim u m (x) 

m^oc 

exists and it satisfies 

(4.8) v a > v (a-d(x)) <u(x) <h(d(x)), VxGfi. 

Moreover, by Theorem 3.1 of [17], the convergence is uniform in every compact set 
K C and u G (7^(0). By the stability theorem of viscosity solutions under the 
uniform convergence, we see that u is a viscosity fc-convex solution of (1.1)-(1.2), 
which satisfies (1.12) by (4.8). 

Step 2. Suppose now that Q is a bounded strictly convex domain. We will complete 
the proof of Theorem 1.3 . In this case , we choose a sequence of strictly convex smooth 
domains 

(4.9) fii C fi 2 C ... Cll m C O m+ i C ... C O, 
such that 

oo 

n = |J n m . 

m=l 
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For each m > 1, by the result of Step 1, we choose a fc-convex viscosity solution 
u, m € Ciol(Q m ) to the problem 

J Sk{D 2 u) = ip(x, u, Du) in J7 m , 
[ u = +oo on dQ m . 

By (4.8), (4.9) and Lemma 2.1, we may assume 
v am + 1 ' r '(a m+1 - d m+1 (x)) < u m+1 (x) 

(4.10) 

< u m (x) < h(d m (x)), V x G O m , V m > 1, 

where d m {x) = dist(x, dfl m ) and a m is the smallest positive number, such that for 
any x G 9fi m , there is a ball B am (xo) D ^ m satisfying £l m n dB am (xo) = {a:}. Note 
that (4.9) implies {a m } is a nondecreasing sequence. Furthermore, {a m } is bounded 
since J) is a bounded strictly convex. Letting o — liu^^oo o m and using (4.10), we 
see that the limit function 

u(x) = lim u m {x) 

exists for each x € ^ and it satisfies (4.8) again. Repeating the arguments from (4.8) 
to the end in Step 1, we have completed the proof of Theorem 1.3 . □ 
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